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Abstract 

The free-field representations of the D{2, l;a) current superalgebra and the corre- 
sponding energy-momentum tensor are constructed. The related screening currents of 
the first kind are also presented. 
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1 Introduction 



The interest in two-dimensional non-linear sigma models with supermanifold as target space 
has drastically increased over the last ten years due to their applications in superstring theory 
[H El IHl H] , logarithmic conformal field theory (CFT) and condensed matter physics [HI El 
El m El Uni [m [12]. Among them, the sigma models associated with superalgebras psl{n\n) 
and osp{2n + 2\2n) stand out as an important class. These supergroups have vanishing 
dual Coexter number. As a result, sigma models based on the supergroups have vanishing 
one-loop beta function and are thus expected to be conformal invariant even without adding 
the Wess-Zumino terms p]. Recent studies show that the superalgebra D{2, l;a), which is 
the one-parameter deformation of superalgebra osp(4|2) and has a vanishing dual Coexter 
number, has played an important role in describing the origin of the Yangian symmetry 
of Ads/CFT [13j. Here we shall study the Wess-Zumino-Novikov-Witten (WZNW) model 
associated with D(2, 1; a). 

Free field realization [I3[l5l[l6l[171[l8l[l9l[20l[ai[22l[23l[2l] has been proved to be 
a powerful method in analyzing CFTs such as WZNW models. In this letter, motivated 
by its potential applications, we obtain the free-field realization of the current superalgebra 
underlying the -D(2, 1; a) WZNW model. 

2 D{2,l]a) current algebra 

Let us start with some basic notation of the D{2, l;a) current algebra, i.e. the D{2,l;a) 
affine superalgebra [25]. The exceptional Lie superalgebra Z)(2, 1; a) forms a one-parameter 
(i.e. a) family of superalgebras of rank 3 and dimension 17. The bosonic (or even) part 
is a direct sum of three su{2) and the fermionic (or odd) part is a spinorial representation 
(2, 2, 2) of the even part. Let n := {«!, a2, 03} be the simple roots with ai being fermionic 
and ^2, «3 being bosonic. The Cartan matrix is given by 



The positive even roots and the positive odd roots are then given respectively by 
A([ = {^2, as, 2ai + 02 + a^} , A^^ = {ai, ai + 0^2, ai + as, ai + 02 + as} , (2.2) 




(2.1) 
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the set of all positive roots A+ is a union of the positive even and odd roots, namely, 

A+ = A^-UA^ (2.3) 

Associated with each positive root S, there is a raising operator Es, a lowering operator 
Fs = E^s and a Cartan generator Hs- These operators have definite Z2-gradings: 

[Hs]=0, [Es] = [Fs] = { (2.4) 

For any two homogenous elements (i.e. elements with definite Zi2-gradings) a, 6 G Z)(2, 1; a), 
the Lie bracket is defined by 

[a, b] = ab - {-y''^^%a, (2.5) 

this (anti) commutator extends to inhornogenous elements through linearity. Then the com- 
mutation relations of D(2, 1; a) are [25] 







i^a,] = S,, H^^, [H^^, H^^] = 0, I, J = 1, 2, 3, (2.6) 

l^Ha^y Eajl (^ijEa^, ^Hq^^, "^ctj] ^ijFcij^ ; 1; 2, 3, 

[-£'01) = Eai+a2i [^aii -S'as] — -^'di+aa; 

[-^oi ) Eai+a2+a-i\ (1 ~l~ Cl) -^2oi +02+03 ' 

[-^02' -^ai+03] [-^035 -^01+02] -^Q!i+a2+«3' 

[-^01+02' -^01+03] (-^ Cl)-^2Qi+a2+«3 5 

[-^ai ; E2ai+a2+a3] = -£'ai+a2+a3' [-^"i; -^01+02] ~ -^02 5 

[-^Cfi ; Eai+a-il CuEf^^^ [-fa2' -^ai+02+a3] -^ai+a3; 

[-fa2 5 -^01+02] Eai: [-^035 -Sai+03] -^ou 

[i^ag, i^/Qj^+cfj-^Qg] = Ea^j^a^. (2-7) 

One may introduce a nondegenerate and invariant supersymmetric metric or bilinear 
form, denoted by (X, Y) for any X,Y E D{2, 1; a), as follows: 

(-^au -^ai) (-^oi ) Eai) 1; (-^Qi+a2' -^oi+a2) (-^01+02' -^01+02) (2-8) 

(-^ai+03 5 -^01+03) (-^Qi+a3) -^ai+a3) I5 



^Here we only give the relevant relations for our purpose, the others can be found in [25] 



(-£'2«i+a2+a3 5 -f2ai+«2+a3) ~ (-f2cJi+a2+03 5 -^2ai+a2+a3) ~ 1 ! 5 

i + a 
a 

2 

{Ha^, Ha.2) = 2, {^Ha2i Hq,^) = (^Hq,^, Hq.2) = 0, (^Hq,^, Ha^) = . (2-9) 

All the other inner products are zero. With the help of the above inner product we can 
construct the corresponding second-order Casimir element 

C2 (^Eqi-^Fqi-^ Ff^i-^Efy^-^^ (-£/Q,-^^Q,2-f^Q.;^-|-Q.2 -^0! 1 + Q2 1 + (12 ) ( 1 +03 "^Ct 1 +0^3 "^Ct 1 +0^3 "^CV 1 + 03 ) 

"l"(-^ai+a2+a3-^"i+a2+a3 -^01+02+03 -^«i+a2+a3 ) "I" (-^a2-^a2 "I" -^a2-^a2) 

(1 -|- o) (-E2Q,-^-|_Q,2+a3-f^2ai+a2+a3 ~l~ -^201+02+03-^201+02+03) ~^ '^(-^03-^03 ~l~ -^03-^03) 

^ {-2< + 2if,,if,, + 2a/f„,/f,, + - aif.2^03 + f • (2.10) 

Let X{z) be current associated with generator X G i5(2, 1; a). For an example, denote 
the currents corresponding to Es, Hs, Es (\/6 G A+) by Es{z), Hs{z), Es{z) respectively. The 
i5(2, 1;q;) current algebra is generated by a set of currents {X{z)\X G i5(2, 1;q;)}, which 
obey the following OPEs 



[z — wY [z — w) 
where k is the level (or central charge) of the current algebra. 

3 Free field realization 

To obtain a free field realization of the -D(2, 1; a) currents, one needs [Ul [HI 113 UHl UHl EHl 
1211 1221 [221 [21] firstly to construct the differential operator representation of the corresponding 
finite-dimensional superalgebra -D(2, 1; a). A particular ordering of all positive roots of the 
superalgebra is crucial [21] in getting the explicit expression of the differential operator 
representation. For the -D(2, 1; a) case, the ordering of the positive roots is given by 

as, ^2, «! + 02 + as, «i + «3, 2q;i + 0:2 + as, «i + ^2, «i- (3.1) 
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Such an ordering allows us to construct the explicit expression of the differential operator 
representation of -D(2, 1; a) by the method developed in |23]. With the help of the differen- 
tial representation we can obtain the free field realization of the D(2,l; a) current algebra in 

terms of 3 boSOnic /3-7 pairs {{(^a^iz), laiiz)), {(^aaiz), laaiz)) and (/^aai+aa+agl^)' l2ai+a2+asiz))), 

4fermionic b-c pairs ((^3,^(2), "^aiiz)), {"^l.+aii^)^ ^^i+aaW), (^li+aaW' ^m+asW) and 
+0,2+03(^)5 ^01+02+03 (^))) and 3 free scalar fields for i — 1,2, 3). These free fields 

obey the following OPEs: 

A(z)7,H = -^^{z)P,iw) = I, J e A+ (3.2) 

Uz)i^]H = i^]{zmw) = 1,3 e At, (3.3) 

J J z — w 

Mz)Mw) = -Hz-w), (3.4) 

4>i{z)(j)j{w) = 6ijln{z - w), i,j = 2,3. (3.5) 

and the other OPEs are trivial. Here we present the results for the currents associated with 
the simple roots, 

Ec^Az) = ^ai(^), (3.6) 

E^,{z) = (2;)^',,+o,(2;)-*++„^(z)^«,+02+«3(^)+/3a2(^), (3.7) 

-^i+a2(^)^«i+«2+«3(^) + Mz), (3-8) 

Har [z) = -^«i+a2 (z)"^ a,+a2 (z) - {I + a)72ai+a2+a3 (z) P2a^+a2+a-s {z) 
-«^i+a3(^)^°i+"3(^) - (1 + a)^i+a2+a3(^)*«i+a2+«3(^) 

013 [z) 

y^^dMz) + ^dMz) + ^J^dUz?j , (3.9) 

Ha2iz) = ^+(z)^«,(2;)-^++„^(z)^„,+02(^) + ^ai+a3W^"i+"3(^) 
-^^i+a2+a3(^)^"i+"2+a3(^) - '^Ia2{z)(3a2{z) + V2k d(p2{z) , 
Ha^ (Z) = iz)^a, (Z) + ^t.,+a2 iz)^a^+a2 (z) - ^+ +,3 (z)^ a.+a^ (z) 




-'^a^+a2+a^iz)'^a^+a2+asiz) - 2-fa^{z)l3a-,iz) + \l — d<i)^{z) 

FaA^) = '^t+a2i^)K,+a3i^)^a,+a2+a3iz)-^t,+a2i^)Mz) 
+720:1+02+03 (^)^ai+a2+a3(^) ~ Of^oi+os (^)/^03 (^) 
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-^i(^) {la2{z)(^a2{z) + (1 + a)72„i+a2+a3(^)/32ai+a2+a3(^)} 
-K^{.Z) {(1 + «)^+ +a2+a3(^)^°i+"2+a3 W + (^laz{.z)l3^.^{z)] 

-fc^^iW, (3.10) 

{Z) = (2;) - ^+ +,,+,3 (^)^a,+a3 (^) - 7^2 (^)/3«2 (^) 

+y2fc7„,(z) a02(^) + (A; - 2) d^^,{z), (3.11) 

+02+03 (^) 

-^i+a3(^)^«i(^) - ^i+a2+.3(^)*-i+-2(^) - 7'3(^)/3«3(^) 

+ \/ - 7.3 W dU^) + (- - 2) 97.3 (3.12) 
V a a 

Here normal ordering of the free field expressions is implied. The free field realization for 
currents associated with the non-simple roots can be obtained from the OPEs of the simple 
ones. It is straightforward to check that fl3.6l) - fl3.12l) satisfy the OPEs of the D(2,l;a) 
current algebra given in the last section. 

4 Energy- momentum tensor 

It is well-known that the energy-momentum tensor associated with a current algebra can 
be obtained by means of the Sugawara's construction. For the present case, the Sugawara 
tensor corresponding to the quadratic Casimir C2 (12.101) is 

T{z) = ^ {{Ea,iz)Fa^{z) - Fa,{z)Ea^{z)) - {Ea,+a2{z)Fc,,+a2{z) " (z)Ki+„2 (2;)) 

(-^01+03 (^)-fai +03 (^) -^«i+a3 (^)-^Q!i+a3 (^)) 
~l"(-^ai+a2+a3 (^)-^ai+a2+«3 (^) -^Q!i+a2+a3 (^)-^ai+Cf2+a3 (^)) 
— (1 + a){E2aT,+a2+as{z)F2a-^+a2+a3{z) + -^201+02+0:3 (^)-^2Q:i+Q:2+a3 (^) ) 

+ {Ea2{z)Fa,{z) + Fa,{z)Ea^{z)) + a{E^,{z)Fa^{z) + F^^{z)E^^{z)) 

+ {~2Ha,{z)H,,{z) + 2H^,{z)H^,{z) + 2aH^,{z)H^,{z)} 
1 + a 

+ {^H^2iz)Ha2{z) - aH^,{z)H^,{z) + -H^,{z)H^,{z)j j , (4.1) 
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here normal ordering of the free field expressions is implied. The above expression can be 
written in terms of the and b — c pairs, and the scalar fields. After tedious calculation, 
we obtain 



T{z) = --dMz)dMz)-\l^d'M^) 
+ -dUz)dU^)-^-d^;{z) 

+02+0:3 (^) 

+9^'+ +,3(^) ^01+03(2:) + +„,+„3(^) ^oi+«2+a3(^), (4-2) 

where the normal ordering of the free field expressions is implicit. We find 

T[z)T[w) = + + -, (4.3) 

[z — W)^ [z — wY [z — W) 

with central charge c = 1 = ^ xsdim(D(2,i,a)) ^ ]\/[Qj.gQygj.^ jg gg^gy check that 

T(.)XW = ^^ + ^ = aJ^l. VXeD(2.1;a). (4.4) 

[z — W)^ z — w [z — w) 

Namely, all the currents are primary fields of conformal dimension one 

5 Screening currents 

An important object in applying the free field realization to the computation of correlation 
functions of the associated CFT is screening currents. A screening current is a primary field 
with conformal dimension one and has the property that the singular part of the OPE with 
the affine currents is a total derivative. These properties ensure that integrated screening 
currents (screening charges) may be inserted into correlators while the conformal or afiine 
Ward identities remain intact. This in turn makes them very useful in computation of the 
correlation functions [261 EZ]- For the present case, we find the following three screening 
currents associated with the simple roots: 

Saiiz) = {7^3 (2:)7a2(^) ^01+02+03 (^) + (1 + «)7 +0:2+03 (^) 

+ (1 + Q;)^+ +^^+„3(2;)/32oi+02+a3(^) - 7o3(2:)^oi+03(^) 



SaM = P^,{z)e-VIM^)^ (5.2) 

S^,{z) = /3„3(z)e-v^^^(^). (5.3) 

The normal ordering of the free field expressions is implicit in the above equations. The 
OPEs of the screening currents with the energy-momentum tensor (14. 2 p and the D{2, 1; a) 
currents (I3.6I) - (I3.12I) are 

Sa (w) dSa (w) „ f Sa (w) '] 

T{z) S^^ (w) = ; + = , J = 1, 2, 3, (5.4) 
[z — wY [Z — W) {{z — W) ) 

E^X^)SaAw) = 0, H^X^)S^Aw) = Q, ^,j = 1,2,3, (5.5) 

F^,{z)So^^{w)=5^^d^{ L J = 1,2,3, (5.6) 

I z — w I 

F^, {z) S^^ {w) = 52j I L J = 1, 2, 3, (5.7) 



[z) S^^ {w) = 6,j <; ° }> , J = 1, 2, 3. (5. 

The screening currents obtained here correspond to the screening currents of the first kind 
|28] . The screening current Sa^iz) is fermionic and the others are bosonic. 

6 Discussions 

We have studied the exceptional current algebra -D(2, l;a) at general level k. We have 
constructed the Wakimoto free field realization of the currents fl3.6p -f l3rT2|) and the energy- 
momentum tensor (14.21) . We have also found three screening currents, (I5.ip -( l5l3|) . of the first 
kind. With a special choice of a = 1, the results recover those of osp{A\2) current algebra 
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